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Introduction
Let C be a curve (possibly non reduced or reducible) lying on a smooth algebraic surface S and let ω C be the dualizing sheaf of C. The purpose of this paper is to analyze the canonical ring of C, that is, the graded ring
under some suitable assumptions on the curve C.
The rationale of our analysis stems from several aspects of the theory of algebraic surfaces.
The first such aspect is the analysis of surface's fibrations and the study of their applications to surface's geography. Indeed, given a genus g fibration f : S → B over a smooth curve B, an important tool in this analysis is the relative canonical
In recent years the importance of R( f ) has become clear (see Reid's unpublished note [20] ) and a way to understand its behavior consists in studying the canonical ring of every fibre of f . More specifically, denoting by C = f −1 (P) the scheme theoretic fibre over a point p ∈ B, the local structure around P of the relative canonical algebra can be understood via the canonical algebra of C, since the reduction modulo M P of the stalk at P of the relative canonical algebra is nothing but R(C, ω C ) (see [20, §1] ). Mendes Lopes [17] studied the cases where the genus g of the fibre is g ≤ 3 whereas in [11, 14] it is shown that for every g ≥ 3,
M. Franciosi (B): Dipartimento di Matematica Applicata "U. Dini", Università degli Studi di Pisa, via Buonarroti 1C, 56127 Pisa, Italy. e-mail: franciosi@dma.unipi.it Mathematics Subject Classification: 14H45, 14C20, 14J29 DOI: 10.1007/s00229-012-0553-2 R(C, ω C ) is generated in degree ≤ 4 if every fibre is numerically connected and in degree ≤ 3 if furthermore there are no multiple fibres.
More recently Catanese and Pignatelli [7] illustrated two structure theorems for fibration of low genus using a detailed description of the relative canonical algebra. In particular they showed an interesting characterization of isomorphism classes of relatively minimal fibration of genus 2 and of relatively minimal fibrations of genus 3 with fibres numerically two-connected and not hyperelliptic (see [7, Theorems 4.13, 7.13]) .
Finally, as shown in [6] , the study of invertible sheaves on curves possibly reducible or non reduced is rich in implications in the cases where Bertini's theorem does not hold or simply if one needs to consider every curve contained in a given linear system. For instance, one can acquire information on the canonical ring of a surface of general type simply by taking its restriction to an effective canonical divisor C ∈ |K S | (not necessarily irreducible, neither reduced) and considering the canonical ring R(C, ω C ) (see Theorem 12 below) .
In this paper we analyze the canonical ring of C when the curve C is m-connected and even, and we show an application to the study of the canonical ring of an algebraic surface of general type.
For a curve C lying on a smooth algebraic surface S, being m-connected means that C 1 · C 2 ≥ m for every effective decomposition C = C 1 + C 2 , (where C 1 · C 2 denotes their intersection number as divisors on S). If C is one-connected usually C is said to be numerically connected. The definition goes back to Franchetta (cf. [10] ) and has many relevant implications. For instance in [6, §3] (cf. also the papers [9], Appendix and [18]) it is shown that if the curve C is one-connected then h 0 (C, O C ) = 1, if C is two-connected then the system |ω C | is base point free, whereas if C is three-connected and not honestly hyperelliptic (i.e., a finite double cover of P 1 induced by the canonical morphism) then ω C is very ample.
Keeping the usual notation for effective divisors on smooth surfaces, i.e., writing C as s i=1 n i i (where the i 's are the irreducible components of C and for every i n i denotes the multiplicity of i in C), the second condition can be illustrated by the following definition.
Definition. Let C = s i=1 n i i be a curve contained in a smooth algebraic surface. C is said to be even if deg(
We note that an even curve has no decomposition C = A + B with A · B an odd integer.
Even curves appear for instance when considering the canonical system |K S | for a surface S of general type. Indeed, by adjunction, for every curve C ∈ |K S | we have |(2K S ) |C | = |K C |, that is, every curve in the canonical system is even.
The main result of this paper is a generalization to even curves of the classical Theorem of Noether and Enriques on the degree of the generators of the graded ring R(C, ω C ):
Theorem 11. Let C be an even four-connected curve contained in a smooth algebraic surface. If p a (C) ≥ 3 and C is not honestly hyperelliptic then R(C, ω C ) is generated in degree 1.
